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We investigate the relationship between abstract linear evolution equations of
heat, wave, and Schrodinger types in terms of well-posedness in Banach spaces.È
More precisely, we study our operators as generators of integrated semigroups and
integrated cosine functions. As applications, we consider in a Banach space context
p N .an abstract Laplacian which generalizes the ordinary Laplacian D in the L R -
spaces. We obtain optimal results when compared to the classical situation where
 .the generation results were obtained by M. Hieber Math. Ann. 291, 1991, 1]16
using completely different methods. Our main tools are the boundary value
theorem for holomorphic semigroups and the abstract Weierstrass formula. Re-
lated partial differential equations have been considered previously by Bragg and
Dettman. Q 1997 Academic Press
1. INTRODUCTION AND DEFINITIONS
In the following, we present some remarks on the Cauchy problems of
the first and second order. X will denote a Banach space and A a closed
linear operator on X. We consider relations between parabolic equations,
hyperbolic equations, and equations of Schrodinger type. Parabolic equa-È
tions, modelled after the heat equation, are governed by holomorphic
semigroups. In our investigations, we start with a well-posed Cauchy
problem of the second order
¡ 2 w wu . g C 0, ` ; X l C 0, ` ; D A .  . .  .. .~ Wu0 t s Au t , t G 0  . .  .¢u 0 s x , u9 0 s y. .  .
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0022-247Xr97 $25.00
Copyright Q 1997 by Academic Press
All rights of reproduction in any form reserved.
VALENTIN KEYANTUO136
This problem is then governed by a strongly continuous operator cosine
  ..  w x w x.function C t see, e.g., Fattorini 14 or Goldstein 15 . This implies that
the associated first order problem
¡ 1 w wu . g C 0, ` ; X l C 0, ` ; D A . . .  . .  .~ Hu9 t s Au t , t G 0  . .  .¢u 0 s x .
  ..is well-posed. Moreover, it is governed by a holomorphic semigroup T t
of angle pr2.
The semigroup and the cosine function are related by the abstract
Weierstrass formula
`1 2ys r4 tT t x s e C s x ds, t ) 0. 1.1 .  .  .H’p t 0
w x w xFor the proof, see 14 or 15 . We shall also consider generators of
semigroups which are not necessarily of class C . We adopt the following0
 xdefinition. For a g 0, pr2 , b g R we define
 4S a [ z g C R 0 , arg z - a 4 .  .
and
 4S a , b [ z g C R b , arg z y b - a . 4 .  .
DEFINITION 1.1. A closed and densely defined linear operator A is said
to be the generator of a holomorphic semigroup of angle a if there exist
 .  .T : S a ª L X holomorphic and m, g g R such that
 .  .  .  .   ..i T z q z9 s T z T z9 z, z9 g S a .
 .  .ii There exists k G g such that for all b g 0, a ,
 .  k .lim T z x s x for all x g D A .z ª 0, z g S b .
 . 5 yv t  .5iii sup e T t - `, ;v ) m, t ) 0, andt Gt
 . ` yl t  .  k .R l, A x s H e T t x dt, for l ) m, x g D A .0
 . g 5  .5iv sup t T t - `.0 - t F1
Such semigroups need not be strongly continuous in general. If g s 0,
 .  .   ..then the conditions ii and iv imply that T z is a C holomorphic0
 k .semigroup in the usual sense. This follows from the fact that D A is
dense in X and the Banach]Steinhaus theorem. If 0 F g - 1, the semi-
group is integrable at the origin. For more on the theory of integrated
w x w xsemigroups, see 1, 2, 17, 21 . El Mennaoui 11, Theorem 5.1, p. 42 has
proved the following result.
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 w x.THEOREM 1.2 El Mennaoui 11 . Let b G 0. Assume that A is densely
defined and generates a holomorphic semigroup of angle pr2. Then the
following assertions are equi¨ alent
 . 5  .5i For all a ) b , there exist M, v G 0 such that T z F
v < z < < < .aMe z rRe z , Re z ) 0.
 .ii iA generates an a-times integrated group satisfying sup0 - t F1
5  .5 a .S t rt - ` for a ) b.
A related result was established previously by Boyadzhiev and deLau-
w xbenfels in 4 in the context of C-semigroups.
  ..Hence, estimates on T z will imply that the Cauchy problemRe z ) 0
¡ 1 w wu . g C 0, ` ; X l C 0, ` ; D A . . .  . .  .~S u9 t s iAu t , t G 0 .  .  .¢u 0 s x .
which corresponds to the Schrodinger equation is governed by integratedÈ
 .semigroups. Formula 1.1 allows us to obtain the estimates. We then
 .generalize this to the case where problem 1 is governed by integrated
cosine families. Note that in this case, the associated semigroups see
.Section 2 are not necessarily of class C . As an application, we consider0
the case of the sum of N cosine function generators that commute. The
closure of this operator can be considered as an abstract Laplacian. This
p N .generalises the ordinary Laplacian D in the L R -spaces. Our results
are optimal when compared to the classical situation where the generation
w xresults were proven by Hieber 17 using the theory of Fourier multipliers.
 .  .For another approach to the relationship between problems W and H ,
w xsee Takenaka and Okazawa 23 .
We first recall some definitions concerning integrated semigroups and
integrated cosine functions.
DEFINITION 1.3. Let a G 0. Then A is the generator of an a-times
 .  .integrated semigroup if v, ` ; r A for some v g R and there exists a
w .  . 5  .5 v tstrongly continuous mapping S: 0 , ` ª L X with S t F Me , t G 0,
for some M G 0 such that
`
a yl t  4R l, A s l e S t dt for l ) max v , 0 . 1.2 .  .  .H
0
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  ..In this case, S t is called the a-times integrated semigroup generated
by A.
  ..If a s 0, then S t is a C -semigroup generated by A. It follows from0
the uniqueness theorem for the Laplace transform that when such a family
  ..S t exists, it is unique. The same remark applies to Definition 1.4 below.
It is also worth noting that if an operator A generates a C -semigroup0
  ..T t , then for any a G 0, A generates an a-times integrated semigroup
  ..  .  .y1 t .ay1  .S t which is just S t s G a H t y s T s x ds, t G 0. The con-a b 0
 w x .verse statement is not true see e.g., 1, 17, 21 for relevant examples .
For the relationship between a-times integrated semigroups and the
w x w xCauchy problem, see 1 or 17 . A similar notion exists and is related to
the second order Cauchy problem.
DEFINITION 1.4. Let a G 0. Then A is the generator of an a-times
 2 4integrated cosine function if there exist M, v g R such that l: l ) v ;
 . w .  .r A and there exists a strongly continuous mapping S: 0, ` ª L X
5  .5 v twith S t F Me , t G 0, such that
`
2 ay1 yl t  4R l , A s l e S t dt for l ) max v , 0 . 1.3 .  .  .H
0
  ..As for the case of Definition 1.3, S t is the a-times integrated cosine
  ..function generated by A. Similarly, for a s 0, S t is the strongly
continuous cosine function generated by A. The sine function corresponds
to the case a s 1. For fundamental facts about cosine function theory one
w x w x w xmay consult Fattorini 14 . For integrated cosine functions, see 2 or 17 .
To illustrate our results, consider the following initial-value problems for
partial differential equations.
¡­ u x , t .
s P x , D u x , t , t ) 0 .  .~ P1 .­ t¢u x , 0 s f x .  .
¡ 2­ ¨ x , t .
s P x , D ¨ x , t , t ) 0 .  .2­ t~ P2¨ x , 0 s f x  . .  .
­ ¨ x , 0 .
s c x . .¢
­ t
 .  .In the above equations, x s x , x , . . . , x and D s D , D , . . . , D1 2 N 1 2 N
a a1 a2 aN < <with D s ­r­ t. Denoting as usual D s D D . . . D , and a s a qj 1 2 N 1
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N  .a q ??? qa for a g N , then P x, D is the differential operator of2 N
 .order m m g N
P x , D s a x Da . .  . a
< <a Fm
 w xIn a series of papers, L. R. Bragg and J. W. Dettman see 5, 10 and the
.  .references of these papers developed an operational calculus for P1 and
 .P2 . Namely, they examined how the solution of one problem can be
recovered once one knows the solution of the other. Our technique based
 .on semigroup theory actually considers more general versions of P1 and
 .P2 and treats them in a functional analytic setting. We establish well-
posedness results in terms of integrated semigroups and integrated cosine
p N .functions. For applications we consider the problem in the L R spaces.
Our main tool besides Laplace transforms is the boundary value theorem
for holomorphic semigroups. Moreover, our results are in many instances
optimal. Our investigations also include the relationship between the
 .  .problems P1 and P2 and equations of Schrodinger type:È
¡­ w x , t .
s iP x , D w x , t , t ) 0 .  .~ P3 .­ t¢w x , 0 s f x . .  .
 .  .  .  .  .  .Problems P1 , P2 , and P3 are concrete versions of H , W , and S ,
respectively.
We organize the paper as follows. In Section 2, we prove that if A
generates an n-times integrated cosine function satisfying some restriction,
then iA generates an a-times integrated cosine function for any a ) n q
.1r2 . The case of a strongly continuous cosine function is proved sepa-
rately. In Section 3, we consider the case of an integrated cosine function
without any restriction and show that in this case, iA generates an
w xultradistribution semigroup in the sense of Chazarain 6 . In the final
section, we consider the wave and Schrodinger equations for an abstractÈ
Laplacian. The case of the classical wave and Schrodinger equations in theÈ
p N .spaces L R shows that our results are optimal.
2. INTEGRATED COSINE FUNCTIONS AND
HOLOMORPHIC SEMIGROUPS
In this section, we want to show that generators of cosine functions and
more generally a-times integrated cosine functions are also pertinent for
the treatment of the Schrodinger evolution equation. To this end, we useÈ
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 .the abstract Weierstrass formula 1.1 and Theorem 1.1. We note that El
Mennaoui's result generalizes an earlier one by Hille see Hille and
w x.Phillips 18, Theorems 17.9.1 and 17.9.2 . We first consider the cases of
cosine and sine function generators.
PROPOSITION 2.1. Assume that A is the generator of a strongly continuous
and uniformly bounded cosine function in X. Then the operator iA is the
generator of an a-times integrated group whene¨er a ) 1r2.
  ..Proof. If A generates a strongly continuous cosine function C t ,
  ..then A also generates a holomorphic semigroup T t of angle pr2 given
 . 5  .5by the abstract Weierstrass formula 1.1 . Let M [ sup C t . Fort g R
 .Re z ) 0, we have using analytic continuation
`1 2ys r4 zT z x s e C s x ds , x g X , Re z ) 0. .  .H’p z 0
One easily obtains the estimate
1r2< <M 4 z
T z F , Re z ) 0. 2.1 .  . /’ Re zp
It now follows from Theorem 1.2 that iA generates an a-times inte-
grated group in X for a ) 1r2.
In the general case, if we do not assume that the cosine function is
uniformly bounded, then the following estimate holds true,
1r2< <M 4 z 2 2v  < z < r Re z .T z F e , Re z ) 0, 2.2 .  . /’ Re zp
5  . < v < t <where C t F Me , t g R. This is not sufficient to ensure that iA is a
generator as the following example shows.
p .EXAMPLE. Consider in the Banach space X s L R; C , 1 F p - `,
the operator A defined by
 p p4D A [ f g L , m. f g L and Af x s m x f x , .  .  .  .  .
 . 2where m x s yx q ix, x g R. Then it is easy to see that A is the
generator of a strongly continuous cosine function in X. The holomorphic
semigroup generated by A is given by
T z f x s e z m x . f x s e zyx 2qi x . f x , f g L p , Re z ) 0. .  .  .  . .
5  .5  Im z .2 r Re zWe have the estimate T z F e , Re z ) 0. Now, consider the
 2 4operator iA Its spectrum is the set yix y x, x g R so that the resolvent
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set of iA does not contain any right half plane. Therefore, iA cannot
generate an integrated semigroup. On the other hand, we know that the
class of generators of integrated semigroups is stable by perturbations by
multiples of the identity operator. It follows that there does not exist any
a g C such that A q aI generates a uniformly bounded cosine function.
Of course in the special case p s 2, A can be viewed via Fourier
.  . 2  . 2  .transformation as the operator Af x s ­ f x r­ x q ­ f x r­ x with
distributional domain.
In some cases, one knows that the operator A is the generator of a sine
 .function that is a once integrated cosine function but not a cosine
w x w xfunction. Examples can be found in 17 or 2 .
PROPOSITION 2.2. Assume that the densely defined operator A is the
generator of a strongly continuous sine function in X satisfying
S t F Mt , t G 0. 2.3 .  .
Then the operator iA is the generator of an a-times integrated group whene¨er
a ) 3r2.
  ..Proof. If A generates a strongly continuous sine function S t then
w xaccording to Arendt and Kellermann 2 , A generates a holomorphic
  ..semigroup, T t of angle pr2 which is strongly continuous thanks to
 . w xcondition 2.3 . This semigroup is given by the formula 2, Theorem 5.2
`1 2ys r4 tT t x s se S s x ds, x g X , t ) 0. 2.4 .  .  .H3r2’ 02 p t
w x Using 16, p. 337, Formula 3.642 see also the proof of Theorem 2.6
.below we obtain the estimate which, combined with Theorem 1.2, proves
the proposition:
3r2 3r22< < < <M z z
T z F s M , Re z ) 0. . 3r2  / /Re z Re z< <z
Next we propose a generalization to generators of k-times integrated
cosine functions. We need the following lemma which generalizes Weier-
strass' formula. We have the following lemma.
LEMMA 2.3. Let n g N. Assume that A is the generator of a cosine
  ..function C t in X. Then the holomorphic semigroup of angle pr2 gener-
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ated by A is gi¨ en by
`1 s 2ys r4 tT t x s P e C s x ds, t ) 0, 2.5 .  .  .H n nn nq1.r2  /’ ’2 p t 2 t0
 . t .ny1 where P is a polynomial of degree n and C t [ H t y s r n yn n 0
. .  .  .  .1 ! C s ds, t G 0, n G 1, and C t s C t .0
Proof. The lemma is proved by induction, integrating by parts from
 .  . t  .  .formula 1.1 . First note that C t q H C s ds. Formulas 1.1 andnq1 0 n
 .2.4 above assert that the result is true for n s 0 and n s 1 with
 .  .P X s 1 and P X s 2 X. Assume that the result is true for n. Then0 1
integrating by parts, we obtain
`1 s 2ys r4 tT t x s P e C s x ds .  .H n nn nq1.r2  /’ ’2 p t 2 t0
`1 s 2ys r4 ts P e C s x .n nq1n nq1.r2  /’ ’2 p t 2 t 0
`1 1 s s s
Xy P y PH n nn nq1.r2  /  /’ ’ ’ ’2 t2 p t 2 t 2 t 2 t0
=eys
2 r4 tC s x ds .nq1
`1 1 s s s
Xs y P y PH n nn nq1.r2  /  /’ ’ ’ ’ ’2 t 2 p t 2 t t 2 t0
=eys
2 r4 tC s x ds .nq1
`1 s 2ys r4 ts P e C s x ds, .H nq1 nq1nq1 nq2.r2  /’ ’2 p t 2 t0
 .  . X .where P X s 2 XP X y P X is a polynomial of degree n q 1.nq1 n n
This proves the lemma.
Actually, the P are the Hermite polynomials see Gradshteyn andn
w x.  .Ryzhik 16, p. 1033 . We also have the functional equation P X snq1
 .  .2 XP X y 2nP X for n G 1.n ny1
We shall also need the following formula which we state as
LEMMA 2.4. Denote by D the Whittaker function. Then the followingyn
identity holds
`
2g g2 ynr2ny1 yb x yg xx e dx s 2b G n exp D 2.6 .  .  .H yn  / /8b ’2b0
for Re b ) 0, Re n ) 0.
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w xFor a reference, see Gradshteyn and Ryzhik 16, p. 337, Formula 3.642 .
 .Next we generalize formula 1.1 to the case where the integrated cosine
function does not necessarily come from a cosine function. For the theory
w xof integrated cosine functions, see Arendt and Kellermann 2 or Hieber
w x17 . All the integrated semigroups and cosine functions we consider are
exponentially bounded.
PROPOSITION 2.5. Let n g N. Assume that A is a densely defined linear
  ..operator which is the generator an n-times integrated cosine function S t in
X. Denote by P the nth Hermite polynomial. Then A is the generator of an
holomorphic semigroup of angle pr2 gi¨ en by
`1 s 2ys r4 tT t x s P e S s x ds, t ) 0. 2.7 .  .  .H nn nq1.r2  /’ ’2 p t 2 t0
 w x.Proof. First, we observe that by a Mittag]Leffler argument see 13 , if
a linear operator A on a Banach space X is densely defined and has
`  k . `nonempty resolvent set, then the set Y [ F D A of C -vectors of Aks1
 k .is also dense in X. Therefore all the spaces D A , k g N, are dense in
X.
w xAccording to an interpolation result of Cioranescu and Henriquez 8 , if
A generates an n-times integrated cosine family, then there exists a
 n. Banach space E satisfying D A ¨ E ¨ X where the symbol ¨ means
.that the inclusions are continuous and A , the part of A in E is theE
generator of a strongly continuous cosine function. Let us denote this
 .  .cosine function by C . . The holomorphic semigroup T . generated byE E
A can be represented byE
`1 2ys r4 tT t x s e C s x ds, x g E, t ) 0. .  .HE E’p t 0
By Lemma 2.2 this representation takes the form
`1 s 2ys r4 tT t x s P e C s x ds, x g E, t ) 0. .  .HE n En nq1.r2 n /’ ’2 p t 2 t0
2.8 .
 .  .  .Here, C . is defined as in Lemma 2.3. But C . coincides with S . onE En n
 n.  .E and hence also on D A . Observe that D A is dense in X by
 .hypothesis and r A / B by definition of integrated cosine functions. It
 n.  .follows that D A is also dense in X and the left hand side of 2.7 can
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be extended by continuity to X and represents the holomorphic semigroup
  .  . .which we denote by T t as in 2.7 above as we shall see by verifying the
 .  .different steps of Definition 1.1. First, extension of T t to S pr2 poses
no difficulty. We deduce the following estimate from the representation
 .2.7
n ` 2y nqkq1.r2 k ys r4 t v sT t F a t s e e ds, t ) 0, 2.9 .  . Hk
0ks0
where the nonnegative constants a depend only on the polynomial P .k n
 .  .The notation i ] iv below refers to Definition 1.1.
 .  .  .  .  .a The semigroup property T z q z9 s T z T z9 in i follows
 .from the interpolation property the existence of the cosine function in E
 k .above and the fact that D A is dense in X. Holomorphy follows from
 .the representation 2.7 and the dominated convergence theorem.
 .  .  k .  .b The property lim T z x s x for all x g D A in iiz ª 0, z g S b .
 .follows from the continuity of T z .E
 .  .  .  .c By a above T t is strongly continuous on 0, ` . With the
 . semigroup property, this implies exponential boundedness for T t see,
w x.e.g., Hille and Phillips 18, Theorem 7.6, p. 244 . More precisely
 5  .5 .lim sup ln T t rt - `.t ª`
 .  .  .d The interpolation property 2.6 implies that R l, A x s
` yl t  .  n.H e T t x dt, x g D A .0
 .  .  .  .e From the estimate 2.9 and formula 2.6 , we readily deduce iii
with g s nr2.
Remarks.
 .i An alternative way to prove that A generates a holomorphic
semigroup is to use the Hille]Yosida type characterizations of generators
 w x w x.of integrated cosine functions see 2 or 17 along with the theory of
w xabstract elliptic operators developed in 21 . But in the present context,
this yields less precise results.
 .ii It can be shown that actually, the semigroup obtained in Proposi-
tion 2.4, which is generally not of class C can be regularized in such a way0
as to give an n-times integrated semigroup. This can be obtained from the
 w x w x.theory of interpolation of semigroups see 9 or 21 .
We then have the following theorem which generalizes Proposition 2.1.
THEOREM 2.6. Let the densely defined operator A be the generator of an
  ..n-times integrated cosine function in X. Assume that S t satisfies
nS t F Mt , t G 0. 2.10 .  .
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Then the operator iA is the generator of an a-times integrated group in X
whene¨er a ) n q 1r2.
 .Condition 2.10 is satisfied for example by the integrated cosine func-
1 N .  w x.tion generated by the Laplacian D in L R see 17 . In Section 4, we
provide a proof of this result based on the boundary value theorem for
holomorphic semigroups.
Proof. We shall establish the estimate
nq1r2< <z
T z F const , Re z ) 0. 2.11 .  . /Re z
If A generates an n-times integrated cosine function, then by Proposi-
tion 2.5, A generates a holomorphic semigroup of angle pr2 given by
 .  4formula 2.7 extended by analyticity to Re z ) 0 . From this we obtain
for Re z ) 0
`1 s 2ys r4 zT z s P e S s ds .  .H nn nq1.r2  /’ ’2 p z 2 z0
`1 s 2 2n ys Re z r4 < z <F P s e dsH nnq1.r2n  /’’ < < 2 z2 p . z 0
n kqn`1 s 2 2ys Re z r4 < z <F a e dsH k k r2n nq1.r2’ < <2 p z z0 ks0
n `1 2 2y nqkq1.r2 nqk ys Re z r4 < z << <s a z s e ds Hkn’2 p 0ks0
 .y nqkq1 r2n1 Re zy nqkq1.r2< <s a z k 2n  /’ < <2 p 2 zks0
=G n q k q 1 D 0 .  .yn
 .nqkq1 r22n < <M zy nqkq1.r2< <F a z kn  /’ Re z2 p ks0
 .nqkq1 r2n < <z
F const a k  /Re zks0
nq1r2< <z
F const , /Re z
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where the a are nonnegative constants depending only on the polynomialk
P .n
< <The last inequality comes from the fact that z rRe z G 1 for Re z ) 0.
Application of Theorem 1.2 concludes the proof.
 .COROLLARY 2.7. Under condition 2.10 abo¨e, the semigroup gi¨ en by
Proposition 2.5 is a strongly continuous holomorphic semigroup.
 .  n.Proof. In fact, using 2.8, we prove that lim T t x s x for x g D At ª 0
 .which is dense in X. Our claim follows then from the estimate 2.11 and
the Banach]Steinhaus theorem. The same argument actually shows that
<  . <  .for arg u - pr2, we have lim T z x s x for x g X.z ª 0, z g Su .
w xWe note that this contains as a special case Theorem 5.2 of 2 . In fact,
 .   . .condition i of Theorem 1.2 with condition ii of Definition 1.1 implies
strong continuity for the semigroup.
As another corollary to Theorem 2.6, we give
COROLLARY 2.8. Let A be the generator of a uniformly bounded cosine
 .n 2 nfunction in X. Then for all n g N, the operator A [ y1 A is then
generator of a b-times integrated cosine function for some b ) 0.
Moreo¨er, A generates a strongly continuous holomorphic semigroup ofn
angle pr2.
Proof. By Theorem 2.6, iA is the generator of a half-time integrated
 . 5  .5 1r2  wgroup G t satisfying G t F Mt , t G 0, for some M ) 0 see also 11,
x. 2p. 44 . This implies that yA generates the half-time integrated cosine
 .  .  .  .. 2function S t s 1r2 G t q G yt , t g R. But then yA generates the
 .  .   .. tonce integrated cosine function S t given by S t s 1rG 1r2 H t y1 1 0
.y1r2  .  . 5  .5s S s ds and S t satisfies S t F Mt, t G 0. The proof of the first1 1
assertion follows by induction. As for the second assertion, it follows
directly from Corollary 2.7.
w xThis result is to be compared with 15, p. 38; 11, Corollary 7.5, p. 59 . We
remark that the same conclusions hold true if we start instead with the
 .generator of a strongly continuous holomorphic semigroup satisfying i of
Theorem 1.2 with v s 0. An alternative proof uses resolvent estimates
 w x w x.see 11 or 21 . However, the result can take a more precise form in the
present context if one finds an analog of Lemma 2.3 relating the semi-
 .  .   ..group T t to the a-times integrated cosine function C t s 1rG aa
t .ay1  .H t y s C s ds generated by A.0
 .  .  .  xRemark. Estimates like 2.1 and 2.11 imply that s A ; y`, 0 .
This follows from the characterization of generators of bounded holomor-
 w x w x.phic semigroups see 15, p. 33 or 22, p. 248 . The semigroup given in the
INTEGRATED SEMIGROUPS 147
example following Proposition 2.1 is not bounded and no translate of its
 .generator generates a bounded holomorphic semigroup of angle pr2 .
For more general holomorphic semigroups, we state without proof.
THEOREM 2.9. Let A be a closed and densely defined linear operator in
the Banach space X and 0 - u - pr2. Then the following are equi¨ alent.
 . 5  .5a A is the generator of a holomorphic semigroup satisfying T z F
 . b1a . < z <  .  .M a e for z g S 0, a , ;a g 0, u .1
 .  .  .  .b ;0 - a - u , 'M s M a , v s v a , b s b a such that
p
S v , q a ; r A and . /2
p
b < z <lR l, A F Me , l g S v , q a . .  /2
3. RELATION TO ULTRADISTRIBUTION SEMIGROUPS
In this section, we shall prove that if the operator A is densely defined
and generates an a-times integrated cosine family in X for some a ) 0,
then iA is the generator of an ultradistribution semigroup in the Gevrey
class. Untradistribution semigroups have been studied by many authors.
w x w x w xWe mention Chazarain 6 , Beals 3 , and Cioranescu 7 . When a densely
defined linear operator B generates an ultradistribution semigroup, then
the Cauchy problem
u9 t s Au t , t G 0 .  . u 0 s x .
is uniquely solvable for a dense set of initial values. Actually, there exists a
 .locally convex linear topological space G the abstract Gevrey space which
is dense in X and such that the restriction of B to G generates a strongly
continuous semigroup. The generation theorem for ultradistribution semi-
w x  wgroups was established by Chazarain 6, Theorem 4.4 see also Beals 3,
x w x. w xTheorem 1 and Cioranescu 7, Theorem 2.2 and Theorem 2.5 . In 7 , the
equivalent notion of local convoluted semigroup is studied. We prove the
following.
THEOREM 3.1. Assume that there exists a F 0 such that the densely
defined operator A generates an a-times integrated cosine function in X. Then
iA is the generator of an ultradistribution semigroup in X.
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Proof. If A generates an a-times integrated cosine function, then
2  .there exist M G 0, n g N, and v G 0 such that for Re l ) v, l g r A ,
and
n2 < <R l , A F M 1 q l , Re l ) v 3.1 .  .  .
 w x w x.see Arendt and Kellermann 2 or Hieber 17 . For a ) 0 and b g R,
 .   .2 4define E a, b [ l g C, Re l ) a Im l q b . Then there a ) 0 and b
 .such that 3.1 becomes
n1r2< <R l, A F M 1 q l , l g E a, b . 3.2 .  .  . .
 .    .1r244But then for l g L a, b [ l g C, Re l ) max b, a Im l , il lies
 .in E a, b so that we have
n1r2< <R il, A F M 1 q l , l g L a, b 3.3 .  .  . .
w x w xand by 6, Theorem 4.4 or 3, Theorem 1 , yiA generates an ultradistribu-
tion semigroup. A similar argument works for iA.
Remark. The example presented at the beginning of this section shows
that without any restriction on the integrated cosine function, Theorem 3.1
is the best possible. As a particular application we have that if B generates
a group in X, then iB2 generates an ultradistribution group. By Theorem
2.6, if the group is uniformly bounded, then iB2 generates an a-times
integrated semigroup for any a ) 1r2.
4. AN ABSTRACT LAPLACIAN
 .Let A be N operators that commute and generate stronglyi 1F iF N
  .. Ncontinuous semigroups T t in X. Then the operator A [  A withi 0 is1 i
N  .domain F D A is closable and its closure A is the generator of theis1 i
  ..strongly continuous semigroup T t given by
T t s T t T t . . . T t , t G 0. 4.1 .  .  .  .  .1 2 N
If now we assume that each A is the generator of a cosine functioni
  ..C t , then in general, A does not generate a cosine function. This is thei
p N . case of the Laplace operator in L R for p / 2 and N G 2 see, e.g.,
w x. 2Hieber 17 . If in particular A s B for all i where B generates a group,i i i
then A s N B2, whence the denomination of abstract Laplacian.0 is1 i
w xThe following theorem was proved in 20 using the Laplace transform
and the ascent method of Bragg. Here we give a simpler proof of this
result using the theory of boundary values of holomorphic semigroups. The
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first result on boundary values of holomorphic semigroups is in Hille and
 w x.Phillips see 18, Theorems 17.9.1 and 17.9.2 . Then Boyadzhiev and
w xdeLaubenfels 4 extended the result using C-regularized semigroups.
w xFinally, El Mennaoui 11 gave different generalizations of the Boy-
adzhiev]deLaubenfels results in the context of integrated semigroups.
w x  .THEOREM 4.1 20, Theorem 3.1 . Let A , be N operators thati 1F iF N
 .commute in the resol¨ ent sense and generate uniformly bounded cosine
N N  .functions in X. Then the operator A [  A with domain F D A is0 is1 i is1 i
 .closable and its closure A is the generator of an a-times integrated cosine S t
 .function whene¨er a ) N y 1 r2. Moreo¨er, the a-times integrated cosine
 .function S t satisfies
aS t F M t , t G 0 4.2 .  .a
 .for some M ) 0, for all a ) N y 1 r2.a
w x  .Remark. We note however that in 20 , the case a s N y 1 r2 is
w xincluded. So our proof does not match completely 20, Theorem 3.1 .
However, the present method applies to more general situations.
 .   ..Proof. By 3.1 A generates a holomorphic semigroup T t whichi i
 4can be extended holomorphically to z: Re z ) 0 and
`1 2ys r4 zT z x s e C s x ds, Re z ) 0 .  .H’p z 0
with an appropriate determination chosen for z1r2.
 .Now, the semigroup generated by A is given by 3.2 ,
T z s T z T z . . . T z , z G 0 .  .  .  .1 2 N
` `1 2 2ys r4 z ys r4 zs e C s ds . . . e C s ds .  .H H1 NN
0 0’p z .
1 2yy r4 zs e C y . . . C y dy , .  .H 1 1 N NN NR’2 p z .
where in the last equality, y2 s y2 q ??? qy2 , dy s dy . . . dy . We have1 N 1 N
  ..used Fubini's theorem and the fact that the C . are even functions.i
  ..  .1r2Next we consider the semigroup T t generated by y yA .1r2
5  .5  .1r2Observe that the conditions C t F M imply that y yA . Observei
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5  .5  .1r2 that the conditions C t F M imply that y yA is well-defined see,i
w x.for example, 24, p. 260 . For t ) 0,
1r2
`t ds
yt sr4T t s e T trs .  .H1r2 1r2’ s2 p 0
yNr21r2
`t t
yt sr4s e 4pH  /’ s2 p 0
=
ds2y< y < sr4 te C y . . . C y dy .  .H 1 1 N N 1r2N sR
t1r2 yNr2s 4p t C y . . . C y dy .  .  .H 1 1 N N
N’2 p R
=
` 2yt sr4 Nr2 y < y < sr4 t y1r2e s e s dsH
0
t1r2yNr2 yNr2s 4p C y . . . C y dy .  .  .H 1 1 N N
N’2 p R
=
` 2Ny1.r2 y tq < y < r t . sr4. y1r2s e s dsH
0
N q 1 C y . . . C y .  .1 1 N NNq1.r2s p G t dy.H  .Nq1 r2 / N 222 R < <t q y .
It follows that
N q 1 C y . . . C y .  .1 1 N NNq1.r2T z s p G z dy , Re z ) 0. . H1r2  .Nq1 r2 / N 222 R < <z q y .
4.3 .
Therefore
N s 1 C y . . . C y .  .1 1 N NNq1.r2 < <T z s p G z dy , . H1r2  .Nq1 r2 / N 22 2R < <z q y
Re z ) 0.
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w xWe follow the estimate as in 12, Proof of Proposition 3.2 to obtain
 .Ny1 r2¡ < <z
const if N G 2 /Re z~T z F 4.4 .  .1r2 < <z
const ln 1 q if N s 1.¢  /Re z
Once this estimate is obtained, it follows from the boundary value
 wtheorem for holomorphic semigroups see El Mennaoui 11, Theorem 5.1,
x wp. 42, and Corollary 5.3, p. 44 or deLaubenfels and Boyadzhiev 4,
x .  .1r2Theorem 2.1 , see also Theorem 1.2 above that i yA is the generator
 .  .of an a-times integrated group G t for any a ) N y 1 r2. Moreover,
5  .5 < < athis group satisfies G t F const t .
 .   .  ..  .If we set S t [ G t q G yt r2, t g R, then S t is the a-times
integrated cosine function generated by A and satisfies the estimation
 .3.3 .
 .Remark. The semigroup T z allows us also to solve the problem1r2
¡ 2­ ¨ x , t .
q P x , D ¨ x , t , t ) 0 .  .~ 2 P4 .­ t¢¨ x , 0 s f x . .  .
 .In the concrete situation, P x, D is the Laplace operator D. This problem
w xwas considered by Dettman in 10 where he uses the Stieltjes transform to
 .  .relate the solution of P4 to the solution of P3 .
p N .  N .EXAMPLE. Let X s L R , 1 F p - `, or X s C R and A s0 i
­ 2r­ x 2. Then A s D with distributional domain. Note that for 1 - p - `,
2 N .A s A , so that A is closed. Taking into account the fact that in L R ,0 0
5  .5T z F M, Re z ) 0, and using the Riesz interpolation theorem, the
p  . < <  N .  .L -constant is N y 1 1r2 y 1rp . In C R , the constant is N y 1 r2.0
w xThis example was treated in Hieber 17 by the method of Fourier
w xmultipliers. The present generalization is inspired from 12 where the
cases of the Laplacian were also proved.
The operator A is the abstract Laplacian already mentioned in Section
1. In fact assume that B generates a bounded group G and take A s B2.i i i i
 .  .  .Then A generates the cosine function given by C t s 1r2 G t qi i i
 ..G yt . A typical example is obtained by taking B s ­r­ x ; A is theni i 1
the Laplacian D.
 .PROPOSITION 4.2. Let A be N operators that commute andi 1F iF N
generate uniformly bounded cosine functions in X. Let A be the opeator
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defined in Theorem 3.1. Then iA generates a b-times integrated group when-
e¨er b ) Nr2.
 .  .Proof. The semigroup T t generated by A is given by formula 1.1 .i i
 .Due to the commutativity assumption, the semigroup T t generated by A
is holomorphic of angle pr2 as the T and is given byi
T t s T t T t . . . T t , t G 0. .  .  .  .1 2 N
 .Now using the estimate 2.1 we obtain
Nr2< <z
T z F M , Re z ) 0. .  /Re z
Now, using Theorem 1.1, we conclude.
Note that we could have used Theorem 4.1 and Theorem 2.6 to obtain
this proposition at least for odd values of N. This is not surprising since
 .the proof of Theorem 4.1 uses the Weierstrass formula 1.1 in an
important way. It should also be noted that the constant in Proposition 4.2
w xis optimal. Hieber 17 proves this for the Laplace operator D in the spaces
p N .L R , 1 F p - `, using the theory of Fourier multipliers. For other
results on the Schrodinger evolution equation, especially for differentialÈ
w xoperators with variable coefficients, see 11 .
Remark. In the case of a Hilbert space H, these results can be
substantially improved. In fact, in this case, the abstract Laplacian in
Theorem 3.1 still generates a cosine function. Moreover, using the proof of
w x19, Theorem 4.1 and Stone's theorem, we obtain that A in Proposition
3.2 generates a strongly continuous group in H. Even in the scalar case, we
cannot deduce this from the Weierstrass formula. Actually, the heat
2 N .semigroup in L R is represented by the N-dimensional Weierstrass
  .formula. To obtain that it is bounded i.e., satisfies i in Theorem 1.1 with
.a s v s 0 , Weierstrass' formula is irrelevant. One has to appeal to
Plancherel's theorem.
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